The nonnegative integer t is called the quality parameter of the sequence. It is clear from (1) that smaller values of t lead to smaller bounds on the star discrepancy of a (t, s)-sequence in a fixed base b and for a fixed dimension s. Therefore it is of great interest to consider the number t b (s) which is defined to be the least value of t such that there exists a (t, s)-sequence in base b.
Niederreiter and Xing collaborated on a series of papers [15] , [16] , [17] , [26] which used global function fields to produce (t, s)-sequences. The last three of these constructions showed that t b (s) = O(s), which is the best possible asymptotic bound for s → ∞ and fixed b in view of [17, Theorem 8] Therefore, using t b (s) = O(s) we see that, for fixed b, the coefficient of the leading term of the bound on the star discrepancy of a (t b (s), s)-sequence in base b converges to 0 at a superexponential rate as s → ∞.
In this paper we fulfill several objectives. Firstly, we introduce a new construction of (t, s)-sequences using global function fields (see Section 3). It will be analogous to the construction of Xing and Niederreiter [26] which uses places of arbitrary degree to produce the strongest construction. However, in contrast to the previous constructions which used functions in a RiemannRoch space, our construction will employ differentials. In the decade since the last construction of (t, s)-sequences using global function fields, there has been progress in the area of global function fields with many rational places. In Sections 4 and 5 of this paper we show that these new developments have implications for the quality parameter of (t, s)-sequences. Finally, we demonstrate in Section 6 that these results lead to improved bounds on the quantity C(b) introduced above.
2. Global function fields and (t, s)-sequences. In this section we recall some basic facts on global function fields and (t, s)-sequences. Concerning algebraic function fields, we mostly follow the terminology and notation in the book [25] .
We write F/F q for a global function field F with full constant field F q and we denote by P F the set of places of F . For a global function field F/F q , we define its set of differentials as Ω F = {xdz : x ∈ F, z is a separating element for F/F q }, and for any differential ω ∈ Ω F and separating element z we can write ω = xdz with a unique x ∈ F . If ω is a nonzero differential, then for every P ∈ P F let ω = x P dt P where t P is a local parameter at P (and hence a separating element). Then we can associate ω with the divisor
which is meaningful since it is independent of the choices of t P . Here ν P denotes the normalized valuation of F corresponding to the place P .
For any divisor D of F , we define the following sets of functions and differentials:
Both L(D) and Ω(D) are finite-dimensional vector spaces over F q and their dimensions are related by the identity
where g is the genus of F . For r ≥ 1, we let B r (F/F q ) be the number of places of F/F q of degree r. Let N (F/F q ) := B 1 (F/F q ) be the number of rational places of F/F q . For a given prime power q and an integer g ≥ 0, we let N q (g) be the maximum number of rational places that a global function field F/F q of genus g can have. Finally, we let g(F/F q ) be the genus of a global function field F/F q .
Most of the known constructions of (t, s)-sequences are based on the so-called digital method, which was developed by Niederreiter [11] . We refer to (t, s)-sequences which are constructed via the digital method as digital (t, s)-sequences, and we define d q (s) to be the least value of t such that there exists a digital (t, s)-sequence constructed over F q . We trivially have t q (s) ≤ d q (s), but it is not known whether there exist q and s such that t q (s) < d q (s). We do not replicate the digital method here, since for our construction we only need Proposition 2.1 below.
Let s ≥ 1 be given and choose elements c
which are collected in the two-parameter system 
3. The new construction of sequences. In this section we introduce the first new construction of (t, s)-sequences using global function fields since the construction of Niederreiter and Xing [17] . It is the first to make use of differentials, and it is based on the most general construction of (t, s)-sequences using global function fields due to Xing and Niederreiter [26] .
Let F/F q be a global function field of genus g and with at least one rational place P ∞ . Let D be a divisor of F with deg(D) = −2 and P ∞ ∈ supp(D). Furthermore, let P 1 , . . . , P s be distinct places of F with P i = P ∞ for 1 ≤ i ≤ s, and put e i = deg(
Note that the Riemann-Roch theorem can be used to show that we have dim
Now we choose
It is easily seen that {w 0 , w 1 , . . . , w g } is a basis of Ω(D). For i = 1, . . . , s, consider the chain
of vector spaces over F q . By starting from the basis {w 0 , w 1 , . . . , w g } of Ω(D) and successively adding basis vectors at each step of the chain, we obtain for each integer n ≥ 1 a basis
Now let z be a local parameter at P ∞ . For r = 0, 1, . . . we put
w u if r = n u for some u ∈ {0, 1, . . . , g}.
Note that ν P ∞ ((z r )) = r for all r ≥ 0. For 1 ≤ i ≤ s and j ≥ 1, we have ω
Thus, we have expansions at P ∞ of the form
where all coefficients a (i) r,j ∈ F q . For 1 ≤ i ≤ s and j ≥ 1, we define the sequence of elements c (i) r,j ∈ F q , r = 0, 1, . . . , by considering the sequence of elements a (i) r,j , r = 0, 1, . . . , and then deleting the terms with r = n u for some u ∈ {0, 1, . . . , g}. Finally, we set up the system
We write S Ω (P ∞ , P 1 , . . . , P s ; D) for a sequence obtained from this system by the digital method.
Theorem 3.1. Let F/F q be a global function field of genus g and with at least one rational place P ∞ , let D be a divisor of F with deg(D) = −2 and P ∞ ∈ supp(D), and let P 1 , . . . , P s be distinct places of F with
(e i − 1),
Proof. By Proposition 2.1, it suffices to show that for any m > t and any nonnegative integers d 1 , . . . , d s with
are linearly independent over F q . Fix integers m, d 1 , . . . , d s satisfying the above conditions. Let H be the set of i with 1 ≤ i ≤ s for which d i ≥ 1, and suppose that we have
for the first m nonnegative integers r that are not in R. Now consider the differential ω of F given by
Since n g ≤ 2g and g ≤ m − 1, we have ν P ∞ ((ω)) ≥ m + g + 1 by (2), and together with the choice of the ω
Note that
Therefore ω = 0, and so we have
Fix an h ∈ H. We claim that b we have
and so
However, we also know that
a contradiction. Thus, for any i ∈ H, we get b
Note that the only condition in our construction different from that of Xing and Niederreiter [26] is that we use a divisor D with deg(D) = −2, whereas they use a divisor D ′ with deg(D ′ ) = 2g. Such divisors can always be found and hence any global function field F/F q with places P ∞ , P 1 , . . . , P s can be used to construct two different digital (t,
We have g(F/F 5 ) = 11 and N (F/F 5 ) = 32. Consider the place Q of F 5 (x) corresponding to the irreducible polynomial x 2 + 2x − 2 over
is a root of x 2 + 2x − 2, then in F 25 [y] we have the factorization
Hence by Kummer's theorem [25, Theorem III.3.7] , there is a place Q 1 of K := F 5 (x, y 1 ) of degree 2 lying over Q, with y 1 ≡ α − 2 mod Q 1 . Next we consider the factorization of 4. Explicit bounds on the quality parameter. In the next two sections, for certain values of b, we will improve the upper bound on the quantity lim sup s→∞ t b (s) s whose existence is implied by the result t b (s) = O(s) mentioned in Section 1. We start by introducing some explicit bounds.
We can bound d q (s) for arbitrary s by finding towers of global function fields with many places of small degree. For example, Niederreiter and Xing [16] , [26] made use of the tower of global function fields due to Garcia and Stichtenoth [4] , which was the first explicit tower of function fields that was asymptotically good, i.e., it is a tower F = (F 1 , F 2 , . . .) of function fields over F q satisfying the condition
In the decade since the last construction of (t, s)-sequences in [17] , Garcia, Stichtenoth, and Thomas [6] , Li, Maharaj, Stichtenoth, and Elkies [9] , Garcia and Stichtenoth [5] , and Bezerra, Garcia, and Stichtenoth [1] were among the mathematicians who have constructed new explicit towers which are asymptotically good. We will now utilise these new results to produce improved bounds on d q (s) for arbitrary s.
Theorem 4.1. For every odd prime p and every dimension s ≥ 1 we have
Proof. Let F 1 ⊆ F 2 ⊆ · · · be the tower of function fields over F p 2 constructed by Garcia and Stichtenoth [5] , that is, for n ≥ 1 we have
Then it is known from [5] that
by Theorem 3.1. Now let s ≥ p 2 + 1. Then (p − 1)2 n−1 ≤ s ≤ (p − 1)2 n − 1 for some n ≥ 2. Therefore Theorem 3.1 yields For odd q = p 2 , these bounds represent improvements on the previously known theory, namely a special case of a result due to Xing and Niederreiter [26, Theorem 4] stating that for any prime p and integer e ≥ 1 we have
Example 4.3. For a future comparison, we note that we have proved
Theorem 4.4. For every odd prime p and every dimension s ≥ 1 we have
Proof. Let E 1 ⊆ E 2 ⊆ · · · be the tower of function fields over F p constructed by Garcia and Stichtenoth [5] , that is, for n ≥ 1 we have
Then, because of results on constant field extensions [25, Lemma V.1.9], we know that
Note that it is shown in [5, Proposition 4.1] that the place 1/x 1 of E 1 is totally ramified in all extensions E n /E 1 . Hence N (E n /F p ) ≥ 1 and therefore
for some n ≥ 2. Therefore Theorem 3.1 yields
For odd primes, these bounds represent improvements on the previous best bounds. For most odd primes p, this was a special case of a result due to Xing and Niederreiter [26, Theorem 3] which says that for any prime power q and s ≥ 1 we have
In particular, Example 4.5. For a future comparison, we note that we have proved
Proof. Let F 1 ⊆ F 2 ⊆ · · · be the tower of function fields over F q 3 constructed by Bezerra, Garcia, and Stichtenoth [1] , that is, for n ≥ 1 we have
Then it is known from [1] that
Suppose that 1 ≤ s ≤ q 3 . Then N (F 1 /F q 3 ) ≥ s + 1 and hence
by Theorem 3.1. Now let s ≥ q 3 + 1. Then (q + 1)q n−1 ≤ s ≤ (q + 1)q n − 1 for some n ≥ 2. Therefore Theorem 3.1 yields
For small q, these bounds can offer improvements on the previous best bounds. For example, when q 3 = 8 this was the result (4) of Xing and Niederreiter which in this case yields
Note that Theorem 4.6 provides the better bound
For q 3 = 27, the previous best bound was obtained by Niederreiter and Xing [19, Theorem 7] who used the rational places of a Hilbert class field tower to prove that
Remark 4.7. Note that Theorem 4.6 is not always the strongest bound available in the cubic case. When q 3 is a square we can use (3) , and in the case where q 3 is not a square, the bound could still be improved upon in many cases by using [19, Theorem 6] .
Recently, a new website was launched by Schürer and Schmid [22] with the aim of cataloging (t, s)-sequences and their point set analogues, (t, m, s)-nets. The values of q for which the website is valid are 2, 3, 4, 5, 7, 8, 9, 16, 25, 27 , and 32. We note that in this section we have introduced improved bounds on d q (s) for all the odd prime powers mentioned above, namely q = 3, 5, 7, 9, 25, and 27. Furthermore, we improved the bound for q = 8. The known bounds for q = 2, 4, and 16 seem strong, whilst the known bound for q = 32 is weak due to the lack of knowledge about explicit towers of function fields over F q in the case where q is quintic.
5. Asymptotic bounds on the quality parameter. In all previous attempts to use global function fields to bound d q (s) for large s, the method has involved using towers of global function fields. However, it is apparent that if we can find global function fields of every genus with many rational places, then we can also gain bounds on d q (s). When Niederreiter and Xing [17] obtained their last construction of (t, s)-sequences in 1996, this was a barren area of research. Serre [23] had previously posed the question as to whether
but it was only recently that Elkies et al. [2] showed that the above inequality holds for every prime power q. Furthermore, in the case where q is a square, strong explicit bounds [2, Theorem 1.2 and Corollary 6.2] were obtained, which we now reproduce. For each i = 1, 2, . . . , let g i be the least nonnegative integer such that N q (g i ) ≤ s i and N q (g i + 1) ≥ s i + 1.
Then d q (s i ) ≤ g i + 1 by Theorem 3.1, and so
Since g i → ∞ as i → ∞, we obtain (5) by letting i → ∞.
We know by (3) that if we have q = p 2e where p is a prime and e ≥ 1 is an integer, then d q (s) ≤ p q 1/2 − 1 s for all s ≥ 1.
Hence, we gain no improvement for even values of q. However, for odd values of q we can obtain improvements. by (3) and hence C(16) ≤ 11 3 log 2 − log log 2 = 2.9080 . . . .
Thus, the new bound on C(9) reported above yields an improvement.
Remark 6.2. Note that the weaker explicit bound for d 9 (s) presented in Example 4.3 would also have produced a stronger bound than that for b = 16.
Remark 6.3. Recently, the function C b (s, t) that was provided by Niederreiter in (1) has been improved upon by Kritzer [7] , who replaced C b (s, t) with a function F b (s, t) which provides a stronger bound. However, this does not affect our asymptotic analysis, as it is easily seen that lim sup 
